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(Regu le 10 ddcembre 1953) 

Dans  le m4moire paru  r4cemment  dans cette Revue et 
int i tul~ 'Change of s t ructure  of ferrous oxide a t  low 
tempera ture '  Willis & Rooksby  (1953) ont  4tudi~ les 
var ia t ions  du  param~tre  l imite de la phase F e e  en pr4- 
sence d 'un  exc~s de Fe  ou de Fe~O~. Les valeurs obtenues 

diff~rentes temp4ratures  comprises entre 570 ° C. et  
1200 ° C. sen t  rassembl4es dans la Fig. 1 de leur m4moire 
et  c o m p a r e s  aux r~sultats obtenus ant4r ieurement  d 'une 
pa r t  pa r  J e t t e  & Foote (1933a, b) et d 'au t re  pa r t  par  
B~nard (1937, 1939). L ' int~r~t  de cette confrontat ion se 
txouve malheureusement  amoindri  du fair que, en ce qui 
concerne la contr ibut ion de B4nard,  Willis & Rooksby  
se r~f~rent seulement  ~ des publicat ions concernant  des 
t r a v a u x  pr~liminaires qui furent  in terrompus par  la 
guerre et  passent  sons silence un  m4moire ult4rieur tr~s 
d~itafll4 publi4 en 1949 (B4nard, 1949). E n  effet, si l 'on 
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Fig. 1. Variation du param~tre limite de la phase Fee  en 

presence d'un exc~s de Fe ou de F%Oa, en fonction de la 
t~mp~rature. 

compare les r4sultats d4crits dans ce dernier aux  r~sultats 
des auteurs pr6cit4s, on constate  qu 'un  accord tr~s sa- 
t isfa isant  s '4tabl i t  dans l 'ensemble.  

Les valeurs originales des param~tres  indiqu~es dans 
les m4moires de Je t t e  & Foote  et  de B~inard ont  ~itA 
corrig4es de mani~re ~ pouvoir  6ire compar(ies aux valeurs 
de Rooksby  qui sent  donn4es dans l '4chelle absoluc (Fig. 1). 
E n  ce qui concerne les param~tres  de la phase F e e  
satur4e d'oxyg~ne, les trois courbes sen t  p ra t iquement  
superpos~i~% l%cart moyen  n ' e x c 4 d a n t  pas 0,003/~. E n  
ce qui concerne les param~tres de ]a phase  satur~e de 
fer, l 'accord entre los r4sultats de J e t t e  & Foote  et  ceux 
de B4nard est excellent dans route l%cheUe des temp$- 
ra tures ;  un  lSger 4cart se manifes te  toutefois dans  les 
v a l e u ~  de Rooksby  au d41~ de 700 ° C., cet 4cart ~itant 
de 1 ordre de 0,005/~ ~ 1000 ° C. Si l 'on t i en t  compte des 
difficult4s exp~rimentales auxqueUes on se heur te  lors- 
qu'il  f au t - - comme dans le cas pr~sent--Aviter  rigoureuse- 
men t  au cours, du refroidissement route var ia t ion  du 
param~tre  de F e e  qui pourra i t  rSsulter de la pr~icipitation 
de Fe  ou de F%O 4 proeutectoi'des, la convergence de ces 
r~isultats dolt  ~tre consid4r4e comme ext r~mement  satis- 
faisante.  
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Lavine  (1952) has  quest ioned the proof presented b y  
Zachariasen (1952) in the  la t te r ' s  der ivat ion of sign 
relat ions between s~rue~ure factors in X . r a y  crys ta l  anaIy.  
sis. Since the  va l id i ty  of Zachariasen 's  re lat ion (11), 

S~ = S(S~iSH+~i) , 

has  been demonst ra ted  in a number  of complex s t ructure  
determinat ions,  i t  has  seemed wise to re-analyze the 
problem, while re-examlning i ts  basic assumptions.  

* Research supported by Contract No. N60nr-26916, T.O. 
16, with the Office of Naval Research. 

1" Fulbright Fellow, on leave from Insti tut  Fourier, Gre- 
noble, France. 

Zachariasen's  basic equa l i ty  is expressible in the  form 

= I , (1} 
where 

½~'½~ I cos ½(H+K)  • r ,  cos ½(H--K).  r~ 1~(2 ) Dcos = 8 ~ ~ n~n] 
i=1 j=z cos ½(H + K ) .  r i cos ½(H--K).  r i 

holds for the + sign in (1). Dsin  has  the  form of (2), bu t  
wi th  sines replacing cosines, and  holds in (1) for the  
-- sign. 

In  his der ivat ion of the sign-l imit ing relat ion,  Zaeha- 
r iasen replaces UH by  UH+~,  and  averages the  basic 
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ident i ty  over all Ki. Let  us instead use (2) directly, holding 
UR constant  and  varying the  index K. We will no t  expand  
the  de te rminants  Dc? s a t  t h i s p o i n t .  ~ S l n  

AssLmaing tha t  

U x  = o ,  (3) 

and similarly t ha t  

UB+K = UH-K = O, 

one obtains immedia te ly  from (1): 
i 

D c o s =  Dsin = 1--[UH[ 2 -  ]UK] 2+ UH+KUH_K . (4) 

'Zachariasen introduces the  terms ~H and SK for the 
signs of UH and U~ respectively, which permits  h im to 
write equat ion  (1) in the  form 

( I u H l + l u x l )  ~ 

' = lq-UH+KUH_Kq-SHSK(Ult+K--Ult_K)--Ds~. (5) 

i Averaging over all K,  this becomes 

(IUHI+IU~[)  ~ 

= 1 + Un+~UH-K+SH.Sx(Un+K--  Un-K)--DsiC°a s • (6) 

If  one immedia te ly  assumes tha t  D ~  in (6) is the  

dquivalent  of Does and  Dsin in (4), one is led direct ly to 
Zachariasen's impor t an t  sign relation. For, subst i tut ing 
(4) in (6), we find 

21UBI IUxl = S B . S x ( U B + x +  UH-~)  • (7) 

If  we choose the  sign of K properly, we can always write 

I U~+~l > I U z - ~ l  • (8) 

Then  UH+K + Un-.K will have the  sign of UH+x, i.e. SB+~r. 
Since the  left side of (7) is positive, we have 

SH.SKSH+K ~ 0 ,  (9) 
o r  

SH = S(SKSH+~;), (1 O) 

i which is Zaehariasen's  relation. 
One other  result  is implied by  (7). Since the left side 

of (7) is of second order in un i ta ry  structure factors, whose 
absolute values are always less than  1, and the  r ight  side 
involves only first-order terms,  the  right member  of (7) 
is likely to be a difference: consequently,  using (8), we 
have tha t  

S~ .  SKSH+K is likely to be positive, (1 la) 
and  

SH.SKSR-K is likely to be negative.  ( l lb)  

These condit ions lead to the  relations: 

SH ~ S(SI~SH+K) (12a) 
and  

SH ~ --S(S~SH_~) . (12b) 

The first of these, (12a), is of course the same as (10). 
I ts  ex t reme usefulness has been demons t ra ted  by Zacha- 
riasen (1952), and  in other  analyses which are unpubl ished 
at  this writing. In  applying it, one begins by selecting 
structure factors satisfying the condition' t ha t  [ UH[ + ] UK [ 
+IUH+x[ is as large as possible. Where,  al ternat ively,  
I UnI+[U~I +IUH--K] is large, (12b) may  prove useful. 

Re-examination of D~.~ s 

The following objection can be made  to the  above, 

however.  Whereas  Does of (4) is the  mean  value of (2) 
over all values of K involved,  a Does t e rm is encountered  
in (5) only when  S~ ---- S/~, and  a Dsin t e rm only when 
SH ---- - -Sx.  Thus the  mean  value of D in (6) may differ 
from tha t  in (4). We must ,  therefore, fur ther  examine the  
condit ions under  which (7) holds. 

Let  us denote  by A the  field of K values, p in number ,  
for which S~ ---- SH; and  denote  by B the  field of K values, 
of which there are q, for which Sx = - S H .  Then we have 

D--X I ~ D : ;  D B 1 q 
. . . .  ~ V D ~ .  (13) 

Pi=l q]=l 
Also, 

P DA..  q ..B Dsin = ~ --si. + ~ ~ s m ,  (14) 

with a similar equat ion  holding for Dcos. 
The equal i ty  (6) then  has the  following actual  vahm 

over the  entire field A + B :  

([ UB[ +[ U~] )3 = 1 +SH.  8R(UH+K + UH-K) + UH+KUH-K 

P a q B 
p + q D c °  s p+qDs i  n . (15) 

If we insert  the  value of Dsin from (14) in (4), and  
subtract  (4) from (15), we obtain 

21UH] [UK[ = SH.SK(UTI+K-lt-UH_K)-~p~--q ( D s i A n - - n A  3 • 

(16) 
We mus t  now find the  mean  value of 

A A 
A = Dsi n -  Dco s . (17) 

Expand ing  the  sin and  cos forms of (2), one finds tha t  
A is proport ional  to 

~, .~  ~,  nini cos Hr i (cos Kr i - -  cos Kri) (18) 
i j k 

in the  field of A. 
The mean  value of A would evident ly  be zero if 

cos Kri K -- cos Kri K , (19) 

where - - K  indicates the  mean  value over all K in 
the  field A. Equa t ion  (19) implies tha t  the mean phase 

contribution cos Kri • in the f ield of constant sign of U K is 
the same for every kind of atom. This is the  condit ion under  
which relation (7) holds. 

Thus the basic condit ion implicit  in Zachariasen's 
analysis is tha t  the structure to which it is applied is 
comprised of m a n y  atoms, in general positions. The condi- 
t ion is more or less implied in the ti t le to Zachariasen's 
original paper. 
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